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Abst rac t - -We study here some properties of a model of turbulent combustion. As a first approach, 
we consider aparabolic 1D system. The process of reignition and subsequent extinction is represented 
by a heteroclinic orbit connecting two points of the set of nontrivial extinguished states. An instability 
is exhibited in a faxt "time". 
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1. THE MIL MODEL 
In combustion flows, the system of PDEs describing the evolution of the thermochemical variables 
reads: 
pY~ + pu.VY - V.(pdVY) = -pw(Y, T, ~), 
pTt + pu.VT - V.(paVT) = ~pw(Y, T, ~), (1) 
P~t + pu.V~ - V.(pdV~) -- 0. 
Here Y stands for the oxidizer mass fraction, T the temperature, and ~ any inert species mass 
fraction. It  is assumed that  the combustion can be represented by a single chemical reaction, 
and/3 is the temperature increase per burned mass of oxidizer, w is the chemical reaction rate of 
oxidizer mass per total mass, u the velocity field. When the flow is laminar, w can be given by 
an Arrhenius law. However, when the flow is turbulent, Y, T, and ~ can be considered as mean 
quantities, and w is the mean reaction rate, to be given by models including the influence of 
f luctuations and their interaction with the chemistry [1]. One such a model is the MIL model [2] 
in the case of a nonpremixed combustion. The explicit formula giving w is quite complicated, 
but can be written in the form 
w = f(Y, ~).F(Y, T, ~), (2) 
fo e f+~ P(r) f+~ r) P(~') r = P¢ (~)) - -  dT d~2 + g(Y, T, ~; dr. (3) 
ig(¢) T ra in  (Y,T,~) T 
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The ignition delay time Tig is a function of the actual mixture ratio ¢ of the fluid particle and 
also of the surrounding fluid, and contains all the chemical information. Tmln is its minimum, 
attained at ¢ = ~. From [2] one finds that a realistic model can be: 
Tmin=[ky(y+~_~s~)  --1 (4) 
P(7) is a distribution of characteristic times for turbulent mixing, and is assumed to be zero 
except between the Kolmogorov time scale Tk and the integral time scale Tt. To simplify, we 
consider here only the 2 d integral in (3) since we are interested in Tmi n close to Tt (the 1 st integral 
contributes only technical difficulties), g is a smooth, positive function for r > Train such that 
g(Y, T, ~; ~-min) = 0. f(Y, ~) represents the locus of complete combustion: in the simple model 
of [2], f(Y,~) = Y when 0 < ~ < ~s, and f(Y,~) = Y -  (~-  ~s)/(1 - ~)  when ~s < ~ < 1 
(~s is exactly the value of ~ corresponding to complete combustion of both oxidizer and fuel). 
The boundary conditions for (1) are considered in a rectangular domain 0 < x < L, 0 < y < 
g : Y, T, ~ are given at x = 0, otherwise the normal derivatives are zero. We refer to [3] for an 
existence proof. 
2. A PARABOLIC ,  1D SYSTEM 
In order to derive such a simplified system, we make several classical assumptions such as 
steady state, £/L << 1, constant flow, etc., which enable us to neglect he time derivatives, the 
longitudinal diffusion and the transverse diffusion. The changes of variable being standard, we 
keep the above notations for convenience. The physical domain is now an infinitely long duct of 
finite width, say x > 0, 0 < y < 1. £e stands for the Lewis number. One has: 
Y~ = Yyy - w(Y, T, ~), 
1 
T= = -~eTyy + ~w(Y,T,~), (5) 
~0 x = ~yy ,  
Yu = Ty = ~y, y = 0, 1. (6) 
Equilibrium points of (5)(6) are positive constants ("flat solution") such that ~ = ~eq and 
f '~  T) P(T) 
g(Y, T, ~; dT -~ O, (7) 
w(Y, T, ~) = f(Y, ~) min(Y,T,cP) T 
where ~aeq depends on the distribution of ~ imposed at t = 0. The nontrivial points, which do 
not correspond to complete combustion (f(Y, ~) = 0), verify F(Y, T, ~) = 0, i.e., are such that 
Tmin(Y ,T, (~eq) ~-- Pit. 
DEFINITION. We can "extinguished states" the extremal equilibrium points, namely those such 
that 
Tmin(Y, T, ~eq) = vt (8) 
(they represent the boundary of the states of the flow where the combustion has not been ignited). 
3. FROM RE IGNIT ION TO EXT INCT ION 
Let (Y., T., ~eq) be an extinguished state. We are interested in the asymptotic behavior for 
'%ime" x large of the solution of (5)(6), taking as "initial" data (Y. + u0, T. + v0, ~eq + w0). Let 
u = Y - Y., v = T - T. and w = ~ - ~eq be the perturbations. Because F is an integral and 
P(Tt) = O, it is easily seen that w is of the 2 d order w.r.t, u,v, and w. Therefore, the linearized 
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operator L is simply d2/dy 2 ÷ Neumann B.C., so 0 is an eigenvalue, which means a critical case 
of stability. 
Define the usual projection operators in C°([0, 1]) by P and Q : Pu = f3 udy  = ~, Qu = 
u - ~ = ~. Choosing the initial disturbances such that u0 = T0 = D0 = 0, one gets: 
ux = QL~-  Qw, ~(0) = uo, 
~= = -Pw,  ~(0) = 0, (9) 
1 
9= = ~ee QL9  + flQw, 9(0) = vo, (10) 
~= =/3Pw,  ~(0) = O. 
THEOREM 1. Assume that/3 > Tmin,y /Tmin, T at (Y., T., ~eq). There xist wo constants ~oo < 0 
and voo > 0 such that/T~oo +~ -- 0 and as x --* +c~, 
Ilu(x)ll + N~(x)l] + IIw(x)ll + lu(x) - uccl + IF(x) - v~l = O(e-~2x) • (11) 
COROLLARY 2. The solution (]I, T, ~) of (7)(8) converges, as x --+ +cx~, to another extinguished 
state defined by 
Y'  = Y, + ~,  T,' = T,  + V~, ~ = ~eq, 
T ' ,>T . ,  Y~,<Y. .  (12) 
This result is a contribution to a better understanding of the phenomena of reignition and 
extinction (with an increase of temperature) of a turbulent flame. From a dynamical systems 
viewpoint, the family of extinguished states is a convex invariant set, and the whole transition 
is described by a heteroclinic orbit between two fixed points of the system (5) (6) on that set. 
Note that a classical Arrhenius model exhibits such a behaviour, but between trivial equilibrium 
points only (corresponding to complete combustion states). 
4. FAST "TIME" INSTABIL ITY  
The transition described above is due to the evolution of the "flat" components ~ and ~. As 
a matter of fact, experiments and numerical computations show a "sudden partial combustion" 
which completes the reignition phenomenon, for small x. We point out that the (dimensionless) 
parameter/3 is large, and we shall denote it by 1/~. Introducing the fast "time" scale 
X 
a = - ,  (13) 
g 
System (5) becomes: 
Ya = ¢Yyy - ¢ w(Y, T, ~), 
g 
To = + T, (14) 
~a ~ g~yy"  
We refer to a forthcoming paper for a rigorous 2-time analysis similar to that of Sattinger [4] 
(see also [5, p. 158,319]). The principle is well known in the theory of chemical reactions [6,7], 
and states that, since e is small, the burning up of the oxidizer may be neglected in a certain 
interval. 
Formally taking ¢ = 0 in (14), we study the behavior of T near the only equilibrium point 
T = T.. This is clearly equivalent to the stability/instability of the origin v = 0 for the equation: 
= F(v), (15) 
where F(v)  = w(Y . ,T .  + V,~eq), F(0) = F'(0), see (7). Note that F is at most C 2 since 
#0.  
THEOREM 3. The origin v = 0 is unstable for (15). 
This results means that there exists, in the fast "time" a, a local instability which amplifies 
the reignition phase. Afterwards, (Y, T, ~) moves to another extinguished state (YJ, T. ~, ~eq), and 
extinction eventually occurs. 
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